Journal of Approximation Theory 96, 149-170 (1999) ®
Article ID jath.1998.3223, available online at http://www.idealibrary.com on "lE%l.

Heat and Harmonic Extensions for Function Spaces
of Hardy-Sobolev-Besov Type on Symmetric
Spaces and Lie Groups

Leszek Skrzypczak

Faculty of Mathematics and Computer Science, A. Mickiewicz University,
Matejki 48-49, 60-769 Poznan, Poland

Communicated by Rolf J. Nessel

Received May 28, 1997; accepted October 29, 1997

Function spaces of Hardy—Sobolev—Besov type on symmetric spaces of noncom-
pact type and unimodular Lie groups are investigated. The spaces were originally
defined by uniform localization. In the paper we give a characterization of the space
F, (X) and B, (X) in terms of heat and Poisson semigroups, for 1 < p, ¢ < oo and
se€R. The main tool we use, is an atomic decomposition of function spaces on
manifolds. © 1999 Academic Press

1. PRELIMINARIES

Let (X, g) be an n-dimensional connected Riemannian manifold with the
Riemannian metric tensor g. Let r,,; denote the injectivity radius of X.
The manifold X is called a manifold of bounded geometry if the following
two conditions are satisfied:

(a) ru>0,
(b) |VFR|<C,, k=0,1,2, .. (ie., every covariant derivative of the
Riemannian curvature tensor is bounded).

Examples of manifolds of bounded geometry include all compact mani-
folds and all homogeneous spaces, i.e., manifolds with a transitive group of
isometries (symmetric spaces, Lie groups with left (right) Riemannian
structure).

Let {Q(x;,r)}; be a covering of X by geodesic balls. The maximal
number of the balls with non-empty intersection in this covering is called
the multiplicity of the covering. A covering with finite multiplicity is called
uniformly locally finite. For the manifold X of bounded geometry there
exists a number 0<r,<r,, such that if re(0,r,) then there exists a
countable uniformly locally finite covering of X by balls of radius r, cf.
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[ 10, Lemma 1.27]. Furthermore, for every uniformly locally finite covering
{Q(x;, r)}; there exists a corresponding resolution of unity {¢,} = C2(X)
with the following properties:

0<¢;<1, suppo,cQ(x;,r), j=1,2,.., Yg,=1 onk;
J
(1)
for any multi-index « there exists a positive number b, with
[D*(poexp )| <b,, j=L12,.. (2)

We assume that the reader is familiar with the definition and elementary
properties of function spaces of F;,  — B; , type on R". All we need can be
found in [22]. To define the F; , spaces on the manifold X one can use the
localization property of the space F, (R") and their invariance with
respect to a wide class of diffeomorphisms.

DErFINITION 1 (cf. [20]). Let {¢;} be the above resolution of unity.

I. Let either 0O<p< oo, 0<g<oo, or p=g=o00. Let —o0 <s< 0.
Then

1/p
Fy )= £ €70 11 B3 001 = (10, -ex0, | B 017 < oc |

(with the usual modification if p = o0).
2. LetO<p<oo, 0<g<oo. Let —o0 <sy5<s<s; <o0. Then

By, (X)=(Fy (X), F}l (X))

> q
with s = (1—0) s+ 0s,.

Remark 1. 1. The definition is independent of the chosen resolution of
unity and the numbers s,, s, in the Besov case.

2. The function spaces on manifolds have a lot of properties
analogous to the space F, (R")— B, (R"), cf. [18, 20, 22]. In particular
we have

F,=L, l<p<ow) Lebesgue spaces,

(
F =W (l1<p<oo,seN) Sobolev spaces, 3)
F,,=H, (I1<p<oo,seR) Bessel potential spaces,
(

B, =%° s>0) Holer—Zygmund spaces,
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where the Sobolev space W is defined in terms of covariant derivatives
and H; is a Bessel potential space for the Laplace-Beltrami operator 4
of X.

In the paper we use widely the atomic decomposition of the spaces

5 o X)— B, (X), so we recall the construction. The details can be found

1n [11] Let 5, J=0,1,2, ... be a sequence of positive numbers decreasing
to zero. Let (Q =1{Q(x;,, 1))} Z0);72, be a sequence of uniformly locally
finite coverings of X. The supremum of multiplicities of coverings €,
Jj=0,1, .., is called the multiplicity of the sequence £2;. The sequence £, is
called umformly finite if its multiplicity is finite and the balls Q(x; ;, ]/2)

and Q(x; 4, r;/2) have empty intersection for any possible j, 7, k, k #1i.

LemMa 1 (cf. [11]). There exist r0>0 such that for every re (0, rg).
There is a uniformly finite sequence (£2;) of coverings of X by geodesic balls
of radius r;=2"7r, Q;={Q(x, 1, },EN, j=0,1,... Moreover, if leN
and [-r<ry then the multiplicity of the sequence (Q}l))jzo, Los Q}l) =
{Q(x; 1, Ir))} ien, Is also finite.

DeFNITION 2 (cf. [11]). Let seR and O0<p<oo. Let L and M be
integers such that L>0 and M> —1. Let r>0 and C>1 be constants
such that Cr<3r,

inj*

(a) A smooth function a(x) is called an 1, -atom centered in Q(x, r) if

supp a < Q(x, 2Cr), (4)
sup |V¥a(y)| < C  forany |k|<L. (5)

ryeX

(b) A smooth function a(x) is called an (s, p),, »-atom centered in
B(x,r) if

supp a < Q(x, 2Cr), (6)
sup |V¥a(y)| < Crs=k=0/p), forany k<L, (7)
yeX
f a(y) y(y )d)" S CpstMALTE |y | CMFNQ(x, 2r)) | (8)
X

holds for any e C°(Q(x, 3r)).

If M= —1 then (8) means that no moment conditions are required.

DErFINITION 3. Let Q,={Q(x;;,7)};cn, j=0,1,.., be a uniformly

100
finite sequence of coverings. Let seR and O0<p<oo. Let L and M
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be integers satisfying the assumption of Definition 2. A family .o/7> Y
if 1,-atoms and (s, p); p-atoms is called a building family of atoms
corresponding to the sequence { B} if:

(a) all atoms belonging to the family are centered at the balls of the
coverings €;;

(b) all atoms belonging to the family satisfy the conditions (4)—(8)
with the same positive constant C;

(c) the family contains all atoms satisfying (a)—(b).

For ce R let [ ¢] stand for the largest integer less than or equal to ¢ and
C, =max(c, 0). Moreover, for the characteristic function y;; of the ball
Q(x;;,277) we put y$7) =27y, ..

THEOREM 1 (cf. [11]). LetseR, 0<g<oo. Let0<p<worp=g=0
in the case of the F, ,-scale and 0 < p < oo in the case of B, ,-scale. Let L
and M be fixed integers satisfying the following condition

L=([s]+1), and

M;max({n(ﬂl) s},l). (9)
min(p, q) +

There exist a positive constant &y, 0 <&y < ro such that there is a uniformly
sequence of covering {Q;={Q(x; ;, 1))} ien}, I <o, and a building family of
atoms corresponding to the sequence </ SLPM with the following properties:

(a) eachfekF, (X) (feB, (X)) can be decomposed as follows

f=> 3 s.a;, (convergent in 9'(X)) (10)
j=0i=
0 1/q
(3 dsdzgien) | <.
J.i=0 P

<<§0 Co 'S"”"p>q/p>l/q< OO>~ (11)

(b) Conversely, suppose that fe 2'(X) can be represented as in (10)
and (11). Then fe F, (X) (fe B, (X))

Furthermore, the infimum of (11) with respect to all admissible represen-
tations (for fixed sequence of coverings and fixed integers L, M) is an
equivalent norm in F, (X) (B, (X))
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The heat kernel on Riemannian manifolds was a subject of intensive
study during the last decades, cf. [3]. The heat semi-group H,=e" can be
defined on L,(X) by the spectral theorem and then extended to a
positivity-preserving contraction semi-group on L, for 1<p<oo. The
conversation of probability condition, V¢ ¢*41 =1, holds and

ae“’f:zle"' VfelL,, 1< p<oo.

The semi-group is strongly continuous if 1< p<oo and analytical if
1< p<oo.

The exist a heat kernel k,(x, y) that is a strictly positive C*-function on
(0, 00) x X' x X, symmetric in the space variables such that

= kix ) )y, feL(X).  1<p<e

where dy denotes the Riemannian measure on X.
We consider also the Poisson semigroup P,=e 'Y =4 which can be
obtained from H, by the subordination formula

71/ e u t2/4u du, t> 0. (12)

Pl

2. FUNCTION SPACES ON SYMMETRIC SPACES

Let X=G/K be a Riemannian symmetric space of the noncompact type.
We use the standard notation and refer to [6] and [ 7] for more details.
In particular we have the Iwasawa decomposition G = KAN of the group
G and its Lie algebra g=T@ a®n. We call that the L,-Schwartz spaces
%,(X) (0<p<2)on X are defined as follows:

C,(X)={feC®(X): sup (1+|H]*)>E%»
ki, kye K
Hea

x (exp H) | f(Dy: ky(exp H) ky: D,)| < o0, Dy, D, € U(g), r >0},

where Z is an elementary spherical function and f(D,: k,(exp H) k,: D,)
denote the natural action of D;, D, € U(g) (the universal enveloping
algebra of g) on f'e C*(G), cf. [4]. Their are Frechet spaces and C°(X) <
6,(X)= L,(X) if p<gq (but not for p>g). The dual spaces €,(X) are
spaces of distributions on X.
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Let Mf denote the Hardy-Littlewood maximal operator on X and M, f

the local Hardy-Littlewood operator. We will need the following version of
the Fefferman—Stein maximal inequality.

LEMMA 2 (cf. [14]). Let 1<p<oo and 1 <q< oo. Then

o) 1/q [ee] 1/q
(3 1mror) (3 11e)

holds for any sequence of locally integrable functions on X.

< CP,q
p

(13)

p

2.1. Heat Extension Characterization

The heat semigroup H,=e™ (t>0) on X=G/K is realized by con-
volution on the right with the heat kernel /,. The kernel /4, is a positive
bi-K-invariant L,-Schwartz function on X for any > 0. We have a good
pointwise estimate for the heat kernel due to J.-Ph. Anker cf. [1]. In the
paper we use mainly the estimates for 0 <7< ¢,, so we recall them here. We
put

0

h;"(x)=<at>m h(x); m=0,1, .. (14)

let 0<t<t, and Hea . Then there is constant C depending on ¢, such
that the inequality

Ihj"(exp H)| < Ce—|p|2t—p(H)—|H\2/4tl—n/2—2m<J>n—oc Z i |H|2m—2l (15)
1=0

holds for every m=0, 1,2, .., (HY> = (14 |H|*)Y2, cf. [1].

The following standard observation is crucial for the paper. The
heat semigroup is analytic in L,(X), therefore |t*(d*/dt*)H,|,_,<C.
Moreover, H, is a bounded operator from L, into L., and [|H, ||, ., <t
v>0, cf. [2]. Using the last inequalities is not hard to see that

AN .
t 7 h,* f(x)—>0 if t-0

for any f e 6,(X) and every xe X.
Integrating by parts we get

v (d" =
tk<kH, >= I x —c
fo GFHS ) 1; erhy x f(x) = ¢f(x)
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Thus

v d* d
10=C (o e s+ [ 57 11,15 (16)

t

if fe6,(X) where h,_o=35_/ c,h}.
Moreover, if t —>¢,, 0<t,<1 then

(e st s

in %;(X). In consequence (16) is true for every f € € (X) if the convergence
of the integral is understood in weak sense.

THEOREM 2. Let seR, 1 <g< o0 and m>|s|/2.

(1) Let1<p<oo or p=q=c0. Then

o | d™ 74\
U1E 201 =1 <ol | ([ omme || )
P
(17)
is an equivalent norm in F, (X). Furthermore
={/eC1(X): |1 F; (X <o} (18)
(1) Let 1< p<oo. Then
1 am 7 J\ Ve
B (X)) = h tm=s2)q H — 19
11185, 001 = 17 ol + [ s G0
is an equivalent norm in B, (X). Furthermore
B, (X)={feC((X): |/]|B; (X <o0}. (20)

If s> 0 then in both cases | f* hg |, can be replaced by | f1|,.

Proof.  We focus our attention on F, (X) spaces. The proof for the
Besov spaces is similar but easier, for example we do not need the maximal
inequalities for vector-valued function.
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Step 1. We take t,=1. Then the inequality (15) implies
|"h™(exp H)| < Ct =2~ WAUHIND?
for |H|<.\/1, (21)

2
|tmh™(exp H)| < Ct—"? <|\I;|> me ~UDUHIN/2P
t

for /i<|HI<I, (22)
|t (exp H)| < Ce™PUD—1HIB pryn—c

for |H|>1. (23)

Moreover the function on the right hand side of (23) defines a bi-K-
invariant integrable function on X in the usual way. For the proof we refer
to [12].

It will be convenient to introduce the following spaces

TpaX)={feC(X): |f|F, (XIF <o}, (24)
B(X) = { /6 (X): |\f|B;,q(X>n<,3“< - (25)

Step 2. For further use we need two inequalities for maximal
function.
Let @ be a non-negative radial function defined on X supported in
Q(o, 1). There is a positive constant C such that the inequality

1@ = f(x)| SCLGP(y) dy(M, | f1)(x) (26)

holds for any locally integrable function f. The proof of the above
inequality is standard. It is sufficient to prove (26) for @ normalized
by j(bdx:l. First take @ of the form /2, a;x0e, ), Where each q;
is positive. Then, since 3,a,vol(2(o,r,))=1 and yqq,,* [f(x)| <
Cvol(Q(o, r)))(M, |f])(x) the inequality (26) follows immediately. In
general the function @ can be approximated by such finite sums, so (26)
holds as claimed.

Let 6> 1 and 7; ; denote the characteristic function of the ball Q(x; ;, e27/).
Moreover we put 77 =2//?7, . Then the following elementary inequality

M (1) (x) < C(M(77) ™) (x), (27)

holds for any 0 <w < 1 with the constant C independent of ;.
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Step 3.

We assume that s> 0. Let

[o0] o0
=2 2 8.4,

with
j=0 i=0

< 0.
i=0

S (sl 2200 )
(2 )

p
Then

IF1F (XIE <

pRY

n <J [m—s/2)q
0

We estimate every summand separately.

,i

p

Z S] th;n ],i(')

Ji=0

q N\
)
It should be clear that putting 7% instead of y{? in (11) we get

an equivalent norm. This observatlon the 1ntegrab111ty of h, ,, and the
definition of the atoms give us

p

(o]

Y s hom*a

Ji i
J,i=0

<C

P

,i=0

< (p) Va
( S syl 70 ))
p

(28)
P
To estimate the second summand we first note that the inequalities
(21)—(23) and (26) imply

ol 00 £ Il )

f|y|<ﬁ+£ﬂ|y|<1+j|y|>1

<z| ,m(m) +Ch*<z| A2 )

where / is a non-negative integrable function on X. We divide the second
summand into two parts

1
Jl (m=s2)q *dr\ "
0 t

o0

Z Sj lh'tn ],i(x)

J,i=0

© -k ( 2 [k/2] | « 9 4\ Ve
m—s, q —
<<kzojzk't <-Z -Z 2 x)> t> (29)
= j=0 li=0
—k

0 2 0 0
+( Y j ,<m_s/z)q< Y Y s (x)
k=0"27F"! J i ’

j=[k/2] li=0

>q dt>l/q. (30)
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We put J=min(m, [L/2]). If j<[k/2] then (2j—k)2J—s) is a
nonpositive number. Thus, by the definition of atoms the sum (29) is less
or equal to

o /[k/2] I , , q\ 1/q
< <Z \/E(/ X s) sSup [m |hm |*Z| 1|X]l >>

i 0<r<l1

<l (o (E o))
(5 o5 )

Moreover, (27) and the elementary inequality M(f)?< M(f?) imply that
the following inequality

+

o q o
S (M(Z ) ) '<€ 3 ol ()
j=0 j,i=0

holds.

Let 0 <w <1 be such that min(g/w, p/w)> 1. Then the Fefferman—Stein
maximal inequality, the Minkowski inequality for integrals and (31)-(32)
imply

>q d[>1/q
t

o0

z Sj,ih:n * aj,i(')

i=0

0 2k ( 2) [4/2]
t m—s/2)q
(Z[ )y

j=0

0 1/q
< S s, ol 200 )

i, j=0

<C (33)

p

In the similar way we get the estimate for the sum (30). Now k —2;<0.

So,
o 2k o 9 dt 1/q
(E [ 3 ]S srean)) )
k=0 27F! Jj=[k/2] ! 4
q\ 1/q9
<C < < Z \[(k 2’)Ssupt|h”‘|*2| (p) >>
k=0 \j=[k/2] 0<t<t P
[e’e] 1/q
<c|( 3 iz
i =0 P

Thus we have proved for s >0 the following inequality

1/q
F1FS (D)< C <z| 1) > (34)

p
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Step 4. To deal with decompositions of distributions from 7 7(X)
into atoms we need some inequalities. Let us take a uniformly locally finite
sequence {Q;} of coverings of X with r;=¢27/, where ¢ is a fixed number
such that 0 <e< 1.

For future use we need two positive constants b and d. We choose these
constants in such a way that the following identities are satisfied
b—3%=b/16 and b —J5=b/4. Such constants exist and both » and ¢ are
greater then 1. Let Q; ;= (b47/7',b477)x Q(x, ;, 27/). Then the Harnack—
Moser inequality for subsolution of parabolic equations implies

sup A7 f(x)]
(t,x)er’i

. ba—J dt 1/w
< 2w <j j | |h;"*f(x)|wczx> (35)
Q(x; ;,627)) Yba—i-2 t

where C is the constant depending only on n, b, d and w, 0 <w < o0,
cf. Theorem 5.5 in [9].

For reasons that will be clear later on we assume that ¢b> 1. Let {y, ;}
be the smooth resolution of unity corresponding to the covering
{Q(x,;,€277)}. We may assume that for every positive m there is a
constant b,,, such that the inequality

ol )
Si s -exp, () <b, 2717 (36)
holds for every j, i and every He T %, X and every multi-index y such that

|y| <m. The Theorem IIL.1.5 in [24] the scaling method, cf. Section V.3
ibidem, imply that the inequality

. d
VAR s SO < 200 [ i ) Sy (37)

Qj, i

holds for any (7, x) e [eb4~/~ ", eb4 /T x Q(x; ;, €277).

Now we decompose any dlstrlbutlon from 7 ';(X ), >0, into atoms.
We start with the formula (16). Since 4,(X) is dense in %,(X) the formula
(16) if true for any fe%,(X) pr0V1ded that the convergence in (16) is
understood in the weak %,(X) sense. For this part of proof it is convenient
to change the formula (16) a bit and to rewrite it down in the following
form

f(x)=C< ,,,O*f+f £ <5Zk H,f>a;t>, (38)
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where b is the positive constant from the last step. Since h,, o=>7"," i’,
and eb>1 we can write

m—1
o % f= 3 hop_y % hyx f. (39)
=0

Let {E;} be a decomposition of X into a sum of disjoint sets such that
E, = Q(xy;, ¢). Let GE,=n~YE,), n: G— X is a natural projection.

Using the above resolutions of unity and (38)—(39) we get the following
decomposition of f

fx)= c<hm,0 . [+ fob - <sz t > >

o eb2 dt
Chmors+ 3wl owresy)

j=1,i=0 ebd—Ji—1

e 3 )

where
ebd—J dt
au(x) =27 ) [ e )
for j>=1 (40)
aO,l( ) _llpOI( )IE (Z heb lg x)> dga (41)
$,0= 20702 5 sup [ A7 (x)
lel; erj,l
for j=1 (42)
i 1/p
o= remeolra) (43)
20xg, 1 1)
and
= {1eN: Q(x, 1, 27) N Q(x;, . 27) £ B}

It follows from inequalities proved in this step that g, ,; are (s, p)-atoms cf.
(35)—(37). The functions a, ; are 1, atoms because /', _, are L,-Schwartz
functions.
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Step 5. Tt should be clear that the expression

<§fb4-] fim— s/2)q< > feh,

b4-i-2
is an equivalent norm in Z,7(X) if s>0. We use that expression to
estimate the atomic norm from above. Once more we choose w such that
min(g/w, p/w)> 1. Using the Fefferman—Stein maximal inequality [ 11] we

get
<§ jb4—f " <a>mf 5 q( )dt>1/q
- % ) =
J=0 ba—i-2 ot ! t
[<'s} b4a—J
C <z M<J (m—s/2)q
j=0 ba—i-2

o0
C < Z 2 Ja(s —(n/p)) 4 —jmq
Jj

j,i=0
bb=i |/ D
M
* <L4f2 <5t> Sxh,

But there is a constant C independent of j and i such that the inequalities

b4a—i a wdt 1/w
<M<jb4f2 <5l> S b l>> )
b4a—J
nj/w
=>C ) (92) (Lm 523 Lﬁ,z

lel;

=>C )Y sup |h,*A4"f](x)

lel; x€Q;

111, +

(-)‘”)W

t

p

p

@) on

L ANC A 1/q
;o)

p

=

W dr\a g
’) () 2 ))

t

p

(ai) foh,

vod
()tdy>

holds for any /€ I,. Therefore

o0 ba—i o\™
(m—s/2)q | _ )
<j§o jb4_j_2 t <5l‘> Sxh

o0 1/q
( S Isy a9 2 >
N, i=0

(44)

q 1/q
(~>d’>

t

p

>C (45)

p

This proves the theorem for s> 0.

Step 6. It remain to prove the theorem for s<0. The operator
(I—4)~! maps the space %,(X) into %,(X). Thus it can be extended to
@'(X). We prove that if 2k > — s then the operator (I —A4)* defines the



162 LESZEK SKRZYPCZAK

isomorphism of the space 7% 3(X) (#53(X)) onto F35*(X) = F3**(X)
(27 25(X) =B ?(X)). Since it is known that the operator (/—4)~*
defines the isomorphism of the space F, (X) (B} (X)) onto F;fqzk(X )
(B”z"( )) the last fact will finish the proof of the theorem.

Letfef”z"( ). If s <0 then k >k +s/2. So,

k ! (k—s/2) k k dr\'
=20 ool | [0 e (1= ) 0177

p

k 1 dn\V
<Clfl,+ X C(f (I I 2 a e L £ )|qt>
1=0 0

p

If s <0 then k+ 1>k + (s/2) for any possible / so every summand in the
last sum is less or equaled to || /| F5* . If s=0 then k + 1>k + (s/2) for
I=1, .., k so there is only the small problem with the first summand for
which we have

1/q
< 1 A >|qd’>

! t k—a/2)q llk q 8
V4

t

p

s + 2k
<|f1F, 7
where 0 <o <k. In consequence
(I =20 fxho i | Fy (X)F < CIfIF (X)) (46)

In the similar way one can prove the analogous inequality for Besov
spaces.

The operator (—A4)* (I—A4)~% in L,(X), 1< p<oo. Using the last fact
it is not hard to see that (I—4)~* maps #%5:(X) onto B;*>(X). This
finish the proof for Besov spaces.

Now we assume that f'e 7 ’;; 7(X). Using the method due to E. Stein, one
can prove by spectral theory that

(=) T=A)"%h* % f=h*« f+3 ¢, (I—4)"™h*x f,
with > |c,,| < oo, cf. [ 15, p. 133]. Since 2k > (s + 2k)/2 we have

1 dn\"4
HQ f”"‘“”"’”’q|hfk*(1—A)—kf'(->lq>
0 t

p

<CIfIF; %

+c< t(k S04 |3 ¢ bk x (T—A4)~™ f(-)

q dl 1/q
t

p
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Using the Holder and Minkowski inequality for integrals one can prove
easily that Bl (X)c Z54(X)=BY (X), if s—1<s,<s<s;<s+1. But
the operators (/—4)~™ are bounded from B! (X) to B, (X) therefore
the last inequalities imply

dn\'
(j t(2k (s+2k)/2)q|h2k (1 A) kf( )| >

t

P

<CIfIF, N9+ S entT— b= 11 B2 (X)

SCISIF; B +2 leml 11182
<C|\f|Ff,,qH(Z1‘)-
The definition of /i, o implies A o =hy o+ A*hy o. Thus
[[OAP VA o RS AP A 20 “47) 1

2.2. Harmonic Extension Characterization

In this section we consider the Poisson semigroup P,= e~ =" On X
the semigroup P, is realized by convolution on the right with the Poisson
kernel p,, which is a positive bi-K-invariant Schwartz function. Thus
similar arguments as in Section 2.1 give us the following formula

1= (poes+ [ 5 s (48)

if /'€ €1(X) where p,, o=37"0" ¢,

THEOREM 3. Let seR, 1 <g< oo and m>|s|.

(1) Let1<p<ooorp=g=o0. Then

an AN
(m) _ (m—s)q _
1E, 0018 = 1f > poly ([} 10| GE s ) R
is an equivalent norm in F;, (X). Furthermore
X)={feCUX): |fIF; (X% < oo} (50)
(1) Let 1< p<oo. Then
1 am 9 Jr\ Ve
(m)_ (m—s)q || Z__ —_
U 1B 018 = U punlp ([ e G| )T o
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is an equivalent norm in B, (X). Furthermore
By (X)={/€®\(X):|lf| B (X)|G” <0} (52)

If s >0 then in both cases | f * pg |, can be replaced by | f|,.

Proof. We divide the proof into several steps. Once more we concen-
trate on F, (X) spaces.

Step 1. We should prove the following inequalities. In this step we
prove that the following inequalities

SCISIE, (X)) (53)

p

1 dt 1/q
|f|,,+<j0 ;(m—s)q|p't"*f|q(.)t>

hold for s >0 and m even.
Let m =2k > 5. By the subordination formula we have

PdAx) =2\1/7; t L:o u=e= My (x) du
1 1 1
W [ jo P Jr t j

Let us fix xe X. If g=1 then

1
j tZk—s
0

o
1

(54)

1 dt 1 d
tj u—3/2e—tz/4uhllj % f(X) du =< Cf um—s |h’; * f(x)| j
o t 0 u

If g = oo then
1 2
sup 1% z[ =32 =Pk s £(x) du| < C sup uF=2 |1k f(x).
o<r<l1 Y o<u<l1

By interpolation we get

1
H(J [2k=5)q
0

1 1/q
<C U wk =524 |1k s £(x) du|qduu>
0

q d[>1/q

1
_ _2
IL u=3e = Mpk o f(x) du ;

p

(55)

p

for any 1 <¢ < o0.
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On the other hand if u>1 then (d/du) h,=(—4)" h, *h,_,. The heat
semigroup is a contraction semigroup and e*/*< 1 for u > 1, therefore the
last identity gives us

9 g\
t

1
(L
0
P

fw u= A=)y hy = f(-) du
1

t Joo u_3/2e_t2/4“h'; * f(-) du
1

<

<C["um P (=AY by by S0, du< C<C S,

1

The last inequalities and (55) imply (53) for m even. The proof for Besov
spaces is similar.

Step 2. Now we prove the inequality inverse to (53) for s >0 and

any possible m. We use once more the atomic decomposition.
Let Q; ,=[27/*", 2771 x Q(x, ;, 277). For the function v(z, x) = p7"  f(x)
we have ((0%/0t*) + 4) v=0. So by the standard elliptic estimates we have

V7 + f(x)| < C27 sup | p7'* f(x)] (56)

£
(e,

where Q% ,=[e'27/"1, 27/ xQ(x, ;,6277), e> 1.
On the other hand we have the submean value property for subharmonic

function, so the inequality

1/w
sup lp s S <27 ([ prs fiod (57)

2 ix

holds for suitable 6 >1 and 0 <w <2, cf. [8].
Using (48) we get the following decomposition of f

10=¢([7 b o S v [ oo ®)

j=1,i=0 27 4
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where
2 dt )
@) =) [ e for jz1(8)
I—1
() =57 o) [ piat) (T phote ) e (59)
I=0
2 S el for 31 (60)
lel; XEQEI
1/p
o= 1reparace) (61)
2xp 4 1)
and

—{IeN: Q(x, 1, 27) N Q(x,,, 277) # ).

The rest of the proof is similar to the proof of Theorem 2.

Step 3. It follows from the above steps that the theorem is true for
s>0 and even m. Using the arguments similar to those in proof of
Theorem 2 one can proved that if s<0 and s+2k>0 then (I—4)7% is
an isomorphism of the space 57 ={fe@(X): ||f|F; ,|%" <o} onto
F3*2K(X) (737 onto B;fqz"(X)).

It remains to regard the odd m=2k+ 1. The operator (—A)"?
(I—4)~"2 is bounded in L,(X) therefore for s> 0 we have

dn\'4
171, +<j (k1= pet *f|qt>
<=2 [1By (X <C 111y (X))

For the F, (X) spaces we can use once more Stein’s representation of
the operator ( N2 (I—A)7V2, cf. Step 6 of the proof of Theorem 2. For
a nonpositive s we can use the lift property as above. ||

3. FUNCTION SPACES ON LIE GROUPS

Now we regard a connected unimodular Lie group G equipped with a
left invariant Riemannian metric. In this case a Riemannian volume
element coincides with the Haar measure on G and the Laplace—Beltrami
operator is equaled to the sum of squares of left invariant vector fields

A=Y X2, (62)

1

HM=

k
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where X, .., X, is an orthonormal basis of 7,G. Thus we can use all
results concerning heat semigroups generated by sum of squares on Lie
groups.

The heat semigroup H, is given by a right convolution:

f f)h(y~'x)dy (63)

where (¢, x) > h(x) is a C* function on R, x G and a positive solution of
((0/0t) + A)u=0. The semigroup is once more symmetric submarkovian,
hence analytic in L,(G) if 1 < p < oo. So, arguments similar to that ones
which where used is the case of symmetric spaces give us the formula

1 k
f(x)=C<hm’o ] zk% H,fa;t> (64)
for fe C(X).

The Sobolev embeddings and Theorem I11.4.2 in [24] implies that
the uniform convergence (d/dt)'h, « f— ti(d/dt)' h, « f if 1—1,<]1. So
the formula (64) is true for any regular distribution f on G if the
convergence of the integral is understood in the weak sense.

We have the following local version of Lemma 2.

LEMMA 3. Let M,f =supy_,.rvol(Q(e, 7)™ Y@ n* |fl. Let 1<p
< oo and 1 <q < 0. Then the inequalities

') 1/q 1/q
vol{xeX:(Z |Mofj(x)|‘1> >i} 7" <Z |f]|q> ,  (65)
j=1 1
s 1/q 1/q
(S mao) " <G (Zigl) o)
j=1 r =1 P
holds for any sequence of locally integrable functions on g.
The main result of this section reads as follow
THEOREM 4. Let seR, 1 <g< oo, m>|s|/2 and k > |s|.
(1) Let1<p<ooorp=g=o0. Then
dr 7\
13 @ =1 ol ([ e S )L en
p
d* 9 e\ Va
If 1, LGN p=1/* poxll, +< f(k 04 T 7P S() > (68)
1 t) |,
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are equivalent norms in F;, (G). Furthermore

F, (G)={feZ(G): |fIF}, (G)g<x},
F, (G)={/eZ'(G): | fIF, (G)lp<o}.

P9

(1) Let 1< p<oo. Then

i i 9 J\Va
A e N P I R
a5 1 dye
1By (G o= 1= poslt ([ =9 " S)T 0)
TR

are equivalent norms in B; (G). Furthermore

B, (G)={feZ'(G):|[|B} (G)llu<on},
B, (G)={eZ'(G): |f]B, (G)llp<oo}.

Proof. The above theorem can be prove in the similar way as
Theorem 2 and Theorem 3, so we give only the main ideas of the proof.
Examining the proof of Theorem 2 we easily discover that the inequality

ILfVES (G < I TF, (71)

holds for s>0 if we have at our disposal the local version of the
Fefferman—Stein inequalities and the pointwise estimates of the heat kernel
analogous to the estimates (21)—(23). The Beltrami-Laplace operator coin-
cided with the sum of squares of left invariant vector-fields therefore one
can use the estimates for the sum of squares on Lie groups that are due to
Varopoulos and others cf. [24]. Since the vectors X, ..., X,, span the Lie
algebra of G the Riemannian d distance on G equals to the distance induce
by the system of vector fields X, ..., X,,.
Let |x| =d(e, x). We have the following estimates for the heat kernel:

o there exists ¢ >0 such that for all ze(0, 1), for all x e G,
h(x) < Co e, (72)

cf. [24, Theorem V.4.27;

e for all ce(0,1), t;, ¢, such that 0<¢, <t,< o0 and meN, there
exists C>0 such that: VxeG, Vse(0,1), Yu is a positive solution of
((8/2t) + A) u=0 in (0, 20) x Q(x, \/5),

Sup
yeQ(x,c \ﬁ)

a m
— | u(sty, <Cs™ ™ inf u(st,, y), 73
(5) oo <cm it st )



FUNCTION SPACES ON SYMMETRIC SPACES 169

cf. [24, Theorem V.4.17]. The above estimates imply

|t (x)| < Ct =", for x| </t (74)
[e"h7(x)| < Ct="Pe= IV for /1< x| <1, (75)
|"h™(x)| < Ch(x) for |x|>1, heL,(G). (76)

Thus using Lemma 3 we can prove the inequality (71). Since the estimates
from the fourth step of the proof of Theorem 2 are still valid, one can prove
the opposite inequality as above using the formula (64).

To prove the theorem for s<0 one can use the Schwartz spaces
introduce in [11] instead of the spaces €'(X). The proof for the Poisson
semigroup is similar to the proof of Theorem 3. ||

Remark 2. 1. For Besov spaces all above theorems remain true also
for 0 <g<1. There are some technical difficulties for F; (X) with ¢ <1
but the theorems should hold also in this case.

2. The analogous theorem for function spaces on R” can be found in
[22]. In that case one has assumptions m>s/2 (m>max(s,0) in the
Poisson case). This is weaker that our assumption m > |s|/2. The difference
comes from the method of proof. Namely from the duality argument use
for s <0.

3. Some partial result in this direction were presented in [12].
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